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SUMMARY

Theevolution of small finite non-symmetricinitial disturbances governed by the Navier—-Stokes equations is considered.
Only the contact region is discussed here. The linearized theory is shown to break down and a system of coupled
equations is shown to govern the nonlinear contact region. Contrary to the linear theory, the effects of vorticity and
entropy are now intertwined. The theory resembles that of an incompressible fluid in two and three space dimensions.

1. Introduction

The work presented here represents a continuation of two earlier studies [ 1] and [2]. Reference
[17 considers the evolution of infinitesimal disturbances of a viscous heat-conducting gas in
two and three space dimensions while reference [2] considers the finite amplitude effects, that
is, nonlinearities in the case of two and three dimensions for radially symmetric initial data.

In general, initial disturbances resolve themselves into two modes, a signal traveling away
from the source of disturbance with a speed related to the local fluid velocity and speed of
sound and a relatively slow moving disturbance traveling at the local fluid velocity. The latter
mode is called the contact region and carries the vorticity and entropy perturbations.

In this paper, we study the development of small but finite non-symmetric initial disturbances
in two and three dimensions. Furthermore we focus our discussion on the contact region. The
case of the wave region has beendealt with in [3]and [4]. Whitham [ 3] considered the evolution
of weak shocks for non-symmetric explosions based upon the method of geometrical acoustics.
Varley and Cumberbatch [4] studied the general nonlinear theory of wave-front propagation.
As an example, they applied their theory to non-symmetric explosions verifying Whitham’s
results. In both cases, the solutions in the wave region depend upon the principle radii of
curvature of the wave front. Thus the wave region will not be discussed further.

In [1], where the linearized theory is dealt with, the contact region is shown to decouple
into two parts, an entropy perturbation structured by heat conduction and a vorticity per-
turbation structured by viscosity. For the case of radially-symmetric initial data [2], only an
entropy perturbation is produced. Vorticity is absent from the flow field. The contact region is
governed by the two and three dimensional heat equation and dependent upon heat conduction
only. However if the initial velocity is non-symmetric, a shearing motion occurs leading to the
production of vorticity governed by a diffusion equation initially.

The problem was first looked at by Lagerstrom, Cole and Trilling [5] for linearized theory.
In their study, they showed that the linearized Navier-Stokes equations may be split as the
sum of a longitudinal wave (wave region) plus a transversal wave (contact region). This was
carried out in the absence of heat conduction. The longitudinal waves are irrotational while the
transversal waves are incompressible. They show that within the linearized theory, the propa-
gation of vorticity is independent of compressibility. This is again verified by our study.

We restrict attention to the three dimensional equations of motion stated in Section 2. The
two dimensional results are given in the appendix for completeness. The one dimensional case
has been treated previously [7] and [8]. We wish to find the analogous nonlinear theory to
the heat equation. Our approach is based on the method of multiple scales [6]. In Section 3,
we develop the linear theory from a different point of view than [1]. If ¢ represents the smallness
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parameter, we show that the linear inviscid theory breaks down for t=0(¢™ ') at which time
the nonlinear terms become important. The nonlinear theory follows as a consequence of the
breakdown of linear theory. This derivation is given in the framework of a systematic pertur-
bation procedure and leads to explicit forms for the governing equations. It is shown in
Section 5 that a uniformly valid solution to first order is described by a system of two coupled
equations. The vorticity is governed by the well known two and three dimensional vorticity
equation ofincompressiblefluids while the density and temperature are described by an equation
of similar form which may be solved once the velocity is uncoupled. Contrary to the linear
theory, vorticity and entropy are now intertwined.

The theory is of practical interest in gxplosion problems. For explosions, a very large distur-
bance of air is desired, thus only the behavior of the theory for large times would be of value
once the disturbances have become weak. The problem is interesting mathematically in that
the results depend upon a double application of the Fredholm condition.

2. Equations of motion
Introducing the vector notation
§=vo+v

where v, represents the undisturbed flow, the three dimensional normalized equations of
motion for the perturbation quantities v=(p, u, v, w, T) are
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The vector function X represents the quadratic inviscid terms, Y the linear dissipative terms
and Z the remaining higher order terms. The dissipative parameters are taken constant, since
their variation does not enter in the perturbation procedure introduced later on. The normaliz-
ation is that used in [1], in particular y=(y —1)*, where y is the ratio of specific heats and { is
a reciprocal Reynolds number based on an unspecified length scale L.

3. First order theory—Inviscid

Neglecting dissipation for the moment, we consider the inviscid equations. If ¢ represents the
strength of our initial disturbance, ie. v(t=0)=¢v°(x) concentrated in a finite domain, we
formally expand

v=_(p,u,v,w, T)=vo+ev, +&v,+... (2)

where v,=(1,0,0,0, x~') and all lengths are normalized with respect to a representative
wavelength of the disturbance. From (1), the lowest order equation is

0 0 0 0
— — —+D—)v;=0.
<5t+Bax+C8y+ aZ>v1 0 (3)

Since we are interested in the contact region only, it is convenient to decompose the flow in a
way natural to the equations. Introducing the eigenvalue A* and eigenvectors I' of

IVE=3"%*B+C+D) (i=1,23,4,5)

a direction calculation shows

M=0 I'=(x0,0,0, —1)

=0 2=(0,1, —1,0,0)

B=0 P=01,1,-20 (4)
M=yt 1= (1, (33 G/3)E 0/3) )

B= =yt P=(1L,—=GABE 0B —653)h )

where the I' are orthogonal, ie. I'-I/=0, i#}].

The first three vectors can be associated with the contact region while the latter two are
associated with the wave region. We further note that I* and I* did not occur for radially-
symmetric initial data (see [2]).

In general, we seek a solution of the form

v, =D'F +PF,+PBF,+1*F,+PF,
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where

li' vy
i ll, ll
However since we are interested in the contact region only, we look for solutions in the limit
t— o0, x bounded, i.e.
vl ~ t_pl {llfl(x’ ya Z)+12f2(x’ y: Z)+ “'+15f5(x’ y> Z)}
+t7 g (x, 3, 2)+ P gr(x, v, 2)+ ...+ gs(x, y, 2) } + ... (5)
where 0< p,<p,< ... and some of the f’s and ¢'s may be zero. Substituting into (3) and
multiplying from the left by I (i=1, 2, ..., 5), we obtain

i=1 0——0
=2 (f4+f5)—? (f4+f5) (6)
=3 vy ) =25 (4 fo) o)

o o 0 o 0 0 DNefo 0 a\,
=4 ,<5;—a—y>fz+/<a st () (S S+ Lm0 @
o a0 o 0 0 7\ (a G )

i=5 /(5)’C >f2+/<ax+5“ 2&)]‘3_2?(3) +(3y+ 32 fs=0 (9

To analyse the system (6)-(9), we restrict attention to solutions which vanishas x* + y* + z%-—> oo
or more strongly from energy considerations, we may take only square integrable functions.
Subtracting (9) from (8) and combining with (6) and (7), we find that

f4(x’ Ys Z)= —fS(X, Ys Z)' (10)

Using (10) the above system of equations reduces to (8) or written alternatively as

<fz+f3+2< ) A+ y<3 f2+2< > L)+ <}2f3+2< >f4>:0

This takes the form of a divergence, i.e.

Voy =0 where y = (7, Y2 ) (11)

and

! f2+f3+2<> far WP =fi— f2+2<> fo, ¥ = -2f3+2<> fa
It will be shown later that these are the components of velocity in the contact region. Equation
(11) implies the existence of a vector potential

V=VxA, A=(A4;,A4, A;).

It can be shown that

1(0d; 04, 04, 6A3>_1 L
<\6y 0z 0z + Ox =2y,

_1{0A; 0A,1 0A; 04, 0A, 6A1> Lol 3
f3—6((‘y 0z 0z ox ZW cy = syt -207),
1 <6A3 04, [ 04y 04y 04, 6A1>

dy oz z  Ox | ox  dy

(/3) W+ +y2). (12)
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We can now rewrite (5) as
v, =PI+ PP L 007, (13)

where F=(0, 1,0, 0, 0), I’=(0, 0, 1, 0, 0) and I*=(0, 0, 0, 1, 0). It is at this point that y is re-
cognized as just the velocity in the contact region. Thus we have reduced the solution to four
arbitrary functions f;, ¥*, Y2, > which may be obtained from the fundamental solution of the
linearized Euler equations (see [1]).

We make the observation from (11) that the vorticity part of the contact region is basically
incompressible. This was observed earlier by Lagerstrom, Cole and Trilling {5], that is within
the linearized theory, the propagation of vorticity is independent of compressibility.

To determine p,, we consider the second order equation found by substituting (5) into (3).
Setting p,=p,; + 1, we have

0 0 0
—p {1+ PP YR + {B— +C—-+ D—} (Pg +Pgy+... +Pgsp=0
0x dy 0z _
Multiplying from the left by I'**** respectively, we find that for a nontrivial lowest order
solution, p, =0. The ¢’s will then satisfy equations of the form (6)—(9). Thus the lowest order
solution is

~ VS (e y, 29y, Y2 (x y, )P+ (x, y, 2)

It is clear that succeeding orders will depend on solutions of the nonhomogeneous form of
(6)-(9). Before gding into the detailed solution, we first consider this set of four equations and
write them symbolically as

yLw =G, ' (14)
where L is the symmetric linear operator
0 0 0,—0, 0,—0,
L - 0 0 0,+0,—20, 0,+0,—20,
0,—0, 0O,+0,—20, 2(y/3)¥(0.+0,+0,) 0
0,—0, 0,+0,—20, 0 —2(y/37 (8, +0,+8,)

and w and G are both four vectors. (We have suppressed the I' component of v for the moment
since it plays no role in this current discussion.) We recall that for G=0, it was demonstrated
that Lw= 0 has a nontrivial solution representable in terms of 4; or equivalently ¥ (i=1, 2, 3).
This suggests that (14) can be solved if and only if the Fredholm condition is met. To be more
specific, let us consider the inner product defined by

(a, b) = SSS (a1by+ay by +azbs+a,b,)dxdydz

where a =(a,, a,, as, a,)and b=(b,, b,, bs, b,). Since we are only considering square-integrable
functions, it follows that

(e, Lw)y= —(w, Lc) = (c, G).
Therefore the condition of solvability of (14} is that

(¢, G)=0, (15)
where ¢ is an element of the subspace of solutions of Lw= 0. In fact, we have demonstrated that
such an ¢ exists in the form given by (12).

Hence condition (15) for G=(G,, G,, G3, G;) may be shown to be
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([ [a {100, 106 106, 126,
_ Y1 20z 60z "3 ay  6(y3)F
’ 1

_ L G 1 G, 864}
6(/3)F dy  6(3)F 8z 6(y/3)° dy
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| 208z 630z 3dx 6(y3) oz

6GA) ox T 6GAY ez 6()F oz
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1 e, 1 4G, 1 a6, 1 amﬂdxdydz_o
3 dxdvdz

1 0G, 1 4G, 1 004}

T ANE A L ANE A i A: A + T

6(33)F oy 6(3) ox  6(33)F dy  6(3)
after an integration by parts and a regrouping of terms. Since A4, 4,, 4 are arbitrary scalar
functions, we must have that the integrands inside curly brackets vanish identically or

azGl ‘%(26}:_*_62)(;2 (,})}3)_; ( z—ay) (G3_G4) = 0 ’
1
2,G,+4(20,+8,)G, 3@/3)% (6.—0.)(Gs—G,) =0, (16)

(0,406, +4(0,~ )G, + (0,~2.)(G3—Gy) = 0.

3G3) /3)
Thus in order to solve the nonhomogeneous equations (14), G must satisfy the above equations.
At this point we see that the restriction of square-integrable functions can be relaxed. In fact
(16) only requires G to be differentiable.

4. Second order theory—Inviscid

We regard the expansion of v, as known and return to the solution of the inviscid form of (1)
under the expansion (2). The second order equation obtained by substituting (2) into (1) is

0 0 0 0

in which it is to be recalled that X is quadratic. The solution v, will consist of a homogeneous
solution of the same form as v; plus a particular solution.
We expand v, in the same form as v, i.e.

v,=1"Hi(x, y,z, )+ PHy(x, yz, )+ ... + P Hs(x, y, 2, ) . (18)
Substituting (18) into (17) and multiplying from the left by I' yields
1
H, (X, Y, Z, t) = ; (IIAX(vl))t s

which gives rise to secularity as t—co. For I' (i=2, 3, 4, 5), we obtain

2 P-X

6 %H—{—))LH - Px

2y X (19)
2 x|
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We attempt to solve (19) by expanding H =(H,, H;, H,, Hs) for large t as

H=h(x,y,z)+o0(l), (20)
i.e. assuming time independent to lowest order. Then to lowest order, (19) gives

yLh=G, (21)
where

h=(hy hay hy hs) and G=(I*-X,P-X, 14X, I°X).

However, (21) has no solution because the solvability conditions (16) cannot be met. We
therefore rewrite H as

H=th(x,y, z)+k(x, y, z)+0(1) , (22)
as t—o0. After substituting (22) into (19) we can rewrite the equations symbolically as
yteLh+yLk = G+ M , (23)

where M =(—2h,, —6hs, —2yh,, —2vhs) and G is as above. The lowest order equation from
(23) is Lh=0 which we showed earlier (see (12)) has solutions of the form

hy=3(¢'~d?), hs=3(¢'+¢7—2¢%), hy= —hs =6(y/3) * (¢ +¢*+4°),
with ¢ =V x A undetermined. At the next order

yLk=M+G. (24)
Equation (24) is not solvable unless
(s, M+G)=0, (25)

where s is a nontrivial solution of Ls=0. The compatability condition (25) is equivalent to
(16) and thus gives a relation between ¢ and ¥ of v, which is assumed known. This then permits
a solution to (24) and the process may be continued.

The main conclusion of the above is that secularity appears at the second order since

v=10y+e0(1)+*0(t)+ ...
as t— oo. Hence it indicates that a new scale t=gt will be required.
5. Method of multiple scales—Nonlinear description
To overcome the breakdown of linear theory for large times, we employ the method of multiple
scales [6]. A solution is sought in the form

v=vy+ev,+ule)vy+..., (26)
where u(g)=o/(¢) as e—0, and

v, =v;(x, ¥, 2, t;7),

where x, y, z, t are fast variables and t=egt is a slow scale.
The region of interest is now specified by the conditions x, t fixed with ¢—»0. Substituting (26)
into (1), the lowest order equation is again (3) and the solution is given by
vy~ D (x; D)4+ Pyt (x; o)+ PP (x; o)+ Byl (x5 1),

where ¥ =V x A. As indicated, the slow dependence on 7 is still unknown. At the next order,
we obtain

o o o T on
ML+l el ypLlp,=2| - Y(v,). 2
u(c)[at+Bax + C6y+ Daz]v2 € [ = + X(vl):l + &Y (v,) (27
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We point out that Y(v,) is usually small except in regions of high shear where it can be shown
that all terms on the right-hand side of (27) are comparable. This involves rescaling the problem
with respect to the Reynolds number R, i.e. 1 =v(e, ¢, R). Rather than doing this, we attempt a
uniform description by retaining all the leading terms in passing from the inviscid through
dissipative zones. See [2] for further comments.

Setting both sides of (27) to the same order, we have u(e)=¢*. Next decompose v, into its
characteristic modes

02:11H1+12H2+I3H3+I4H4+15H5. (28)
Substitute (28) into (27) and multiply by I' (i=1, ..., 5) from the left. For I*, we obtain
oH
v, = L0 0+ X (o) +e7 Y ()] (29)

Since the right hand side of (29) is independent of t, we can integrate directly to obtain
H, =0(t) as t—-w .

To suppress this secularity, we set the right-hand side of (29) equal to zero. This can be shown
to reduce to

af, _
Vs WV =TV,
Fori=2,3,4,5, we obtain the following set of equations
2 -

~ [3, 3
SHiypLH =| - || -2 g xqety |
2y ct 4. ot

2y -

(30)

From calculations of Section 4, we note that secularity appears if we assume an expansion for
H in the form (22). To avoid this difficulty, we would like to expand H in the form (20), i.e.

H(x,t; 1) = h(x)+o(l) as t—»0 .
Then (30) reduces to y Lh=N. In order for a solution to exist, we now utilize the dependence
of N on 7 to impose the solvability conditions (16). The result is

L) [V = e (7). a1

Defining the vorticity vector by
o=V,

(31) can be rewritten as
ow
s W Vo—(oV=¢c'1yVo,
which is just the three-dimensional vorticity equation.
Regarding ¢ simply as a formal small parameter now and eliminating it by setting e=1, we
conclude that the nonlinear description of the contact region for a non-symmetric initial

disturbance is governed by

af, ¢

1 . _ S yv2 .

S Y=oV, (32)
and

‘Z_‘.t” + (- Vo—(0 V) =1Vae. (33)
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Equations (32) and (33) provide a uniformly valid first order description of the contact
region. The contact region is governed by a system of coupled equations. Contrary to the linear
theory, the effects of viscosity and heat conduction are now intertwined. If the velocity un-
couples from the vorticity equation (33), then density and temperature may be solved from
(32) once ¥ is known.

We further note that if the initial velocity is zero or in the radial direction only (i.e., v=v(r)),
no vorticity is produced and s =0 in the contact region so that the above equations reduce to

9 _¢

oy
which is the linearized result found in [1] and [2]. The solution is given in [1] so no further
discussion is necessary.

Vz.fl >
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Appendix

For the sake of completeness, we outline the two-dimensional calculations below. Suppressing
w, z and letting v=(p, u, v, T) denote perturbations, the equations of motion are

0 o o
(5; + 85; + Ca—y)v=X(v)+Y(v)+Z(v).
Letting
v=vot+ev, +etv,+...,

the lowest order equation is

ot Ox
Denoting the eigenvalues and eigenvectors by
[/ E=2"3(B+C)l,

: 0
[?«+Bi+C~}v1=0.
dy

we find
=0 = (1,0.0, -1)
=0 =(0, ,0)
A=yt =( (?/2) (v/2)% %)
M=yt = (L = (/20 = (/2% %)

where again I'- /=0 (17&]).
Following the same procedure as before, it can be shown that

o % ) .
x§+ o),

v, = {llfl(x, y)+l"5 —

where i is a streamfunction.
The condition for solvability of yLw=G is that G satisfy

1/9\?
(0 +0,)G1 + 5 (5) (0,—0:)(G,—G3)=0.
Carrying out the procedure identical to Section 4, we find that secularity appears at the second
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order, ie.

v=10,+80(1)+*0(t) as t—>o0.
Hence again, we use the method of multiple scales where 7= ¢t. Suppressing the secularities and
setting e=1, we find that

0
Los o=V

0
= (V) (0 V)VH = VP
where w=(y,, —,) and V=(0,, 9,).
If we define a vorticity vector by m=(0, 0, w) and set w=V x w, we find @= —V?y. Hence
our equations may be rewritten as

i)
Dy wv)fy = eV,
and
0w
ot
The latter is precisely the two-dimensional vorticity equation.

+ (w-Vyo =nVw.
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